In this paper we intend to introduce the concept of c-K-g-frames, which are the generalization of K-g-frames. In addition, we prove some new results on c-K-g-frames on Hilbert spaces. Moreover, we define the related oprators of c-K-g frames. Then, we give necessary and sufficient conditions on c-K-frames to characterize them. Finally, we verify perturbation of c-K-g-frames.
Introduction
Frames (discrete frames) were introduced by Duffin and shaeffer in 1952 [7] for studying some profound problems in nonharmonic Fourier series. Discrete and continuous frames arise in many applications in both pure and applied mathematics and in particularly frame theory has been extensively used in many fields such as filter bank theory, signal and image processing, coding and communications [15] and other areas. There are several generalizations of frames. All of these generalizations have been ascertained to be used in many applications. In [16] Sun introduced g-Riesz bases and gframes. Continuous frames (c-frames) defined by Ali, Antoine and Gazeau [2] . Gabardo and Han in [9] called these kinds frames, frames associated with measurable spaces. For more details, the reader can refer to [12, 13, 14] . The concept of continuous g-frame has been introduced in [1] . K-g-frames have been introduced in [3, 10] and some properties and characterizations of Kg-frames has been obtained, for more information on k-g-frames, the reader can check [10, 17] . In this paper we generalize some results in [10] and [17] to continuous version of frames. Throughout this paper H, (Ω, µ), {H ω } ω∈Ω will be a separable Hilbert space, a measure space and a family of Hilbert spaces, respectively. At first we review some definitions and results about g-frames.
Definition 1.1. We call Λ = {Λ i ∈ B(H, H i ) : i ∈ I} a g-frame for H with respect to {H i } i∈I , or simply, a g-frame for H, if there exist two positive constants A, B such that
A and B are called the lower and upper g-frame bounds, respectively. We call Λ a tight g-frame if A = B and we call it a parseval g-frame if A = B = 1. If only the second inequality holds, we call it a g-Bessel sequence. If Λ is a g-frame, then the g-frame operator S Λ is defined by
which is a bounded, positive and invertible operator such that AI ≤ S Λ ≤ BI and for each f ∈ H, we have
The canonical dual g-frame for Λ is defined by
. In other words, {Λ i S −1 Λ } i∈I and {Λ i } i∈Λ are dual g-frames with respect to each other. Now, we review the K-frames.
is called a K-frame for H, if there exist constants A, B > 0 such that
We call A, B the lower and the upper frame bounds of K-frame {f n } ∞ n=1 , respectively. If only the right inequality (1.1) holds, {f n } ∞ n=1 is called a Bessel sequence. If K = I, then it is just the ordinary frame.
We call Λ a K-g-frame for H with respect to {H i } i∈I , or simply, a K-g-frame for H, if there exist constants A, B > 0 such that
The constants A, B are called the lower and upper bounds of K-g-frame, respectively.
Remark 1.4. Every K-g-frame is a g-Bessel sequence for H. If K = I, K-gframe is the g-frame as defined (1.1).
If {Λ i } i∈I is a K-g-frame for H with respect to {H i } i∈I , then {Λ i } i∈I is a g-Bessel sequence for H. l 2 {H i } i∈I is defined by
So we can define the bounded linear operator T :
The adjoint operator T * : H −→ l 2 {H i } i∈I is given by
By composing T with its adjoint T * , we obtain the bounded linear operator S : H −→ H, as follows
We call T , T * and S the synthesis operator, analysis operator and frame operator of K-g-frame, respectively. These operators play important roles in studying of K-g-frame theory.
for H with bound B, if and only if the operator
is a well-defined and bounded operator with T ≤ √ B.
Lemma 1.6. ([7]
). Let K be a complex Hilbert space. Suppose that U : H −→ K is a bounded linear operator with closed range R(U). Then there exist a unique bounded linear operator
The operator U † is called the pesudo-invers operator of U.
Lemma 1.7. ([10]
). Let {Λ i } i∈I be a g-Bessel sequence for H with respect to {H i } i∈I . Then {Λ i } i∈I is a K-g-frame for H with respect to {H i } i∈I if and only if there exists a constant A > 0 such that S ≥ AKK * , where S is the frame operator for {Λ i } i∈I .
Continuous g-frames are defined as below.
Definition 1.9. ([1]
). We say that Λ = {Λ ω ∈ B(H, H ω ) : ω ∈ Ω} is a continuous generalized frame or simply a continuous g-frame for H with respect to {H ω } ω∈Ω , if
A and B are called the lower and upper continuous g-frame bounds, respectively. We call Λ a tight continuous g-frame if A = B, and a parseval continuous g-frame if 
and AI ≤ S ≤ BI.
with inner product given by
It can be proved that
is a Hilbert space. We will denote
by F 2 . to H defined by
is linear and bounded with T ≤ √ B. Furthermore for each g ∈ H and ω ∈ Ω, T * (g)(ω) = Λ ω g.
Continuous K-g-frame
In this section, we introduce the continuous version of K-g-frames. At first we define these kind of frames.
Definition 2.1. Suppose that (Ω, µ) is a measure space with positive measure µ and K ∈ B(H). A family Λ = {Λ ω ∈ B(H, H ω ) : ω ∈ Ω}, which {H ω } ω∈Ω is a family of Hilbert spaces, is called a continuous K-g-frame, or simply, a c-K-g-frame for H with respect to {H ω } ω∈Ω , if (i) for each f ∈ H; {Λ ω f } ω∈Ω is strongly measurable,
(ii) there exsit constants 0 < A ≤ B < ∞ such that Every c-K-g-frame is a c-g-Bessel family for H with respect to {H ω } ω∈Ω . When K = I, c-K-g-frame is the c-g-frame as defined in Definition 1.9. Now, we define the frame operator of a c-K-g-frame.
Definition 2.2. Suppose that {Λ ω } ω∈Ω is a c-K-g-frame for H with respect to {H ω } ω∈Ω with frame bounds A, B. We define S : H −→ H by
and we call it the c-K-g-frame operator.
The following Lemma characterizes a c-K-g-frame by its frame operator. Proof. {Λ ω } ω∈Ω is a c-K-g-frame for H with bound A, B if and only if
where S is the c-K-g-frame operator of {Λ ω } ω∈Ω . Therefore, the conclusion holds.
Theorem 2.4. Let (Ω, µ) be a measure space, where µ is σ-finite. Suppose that {Λ ω ∈ B(H, H ω ) : ω ∈ Ω} is a family of operators such that {Λ ω f } ω∈Ω is strongly measurable for each f ∈ H. Let K ∈ B(H) and K is onto. Then {Λ ω } ω∈Ω is a c-K-g-frame for H with respect to {H ω } ω∈Ω if and only if the operator
Weakly defined by
is bounded and onto operator.
Proof. Let {Λ ω } ω∈Ω is a c-K-g-frame. By Theorem 1.12, T is a bounded operator and for each f ∈ H, T * f = {Λ ω f } ω∈Ω . We have for each f, g ∈ H,
Since R(K) = H, K † is well defined, bounded and
Since A K † −2 f ≤ Sf ≤ B f , by Lemma 2.4.1 of [5] , S is onto. So by S = T T * , T is onto. Now suppose T is a bounded and onto operator.
By Lemma 2.10 of
so {Λ ω } ω∈Ω is a c-g-Bessel. Now we show that {Λ ω } ω∈Ω has the lower c-Kg-frame condition. Since R(K) = H = R(T ), by Theorem 1 of [8] , there exists A > 0, such that KK * ≤ AT T * .
Hence, 1
Note that, frame operator of a c-K-g-frame is not positive and invertible on H in general, but we can show that it is positive and invertible on the subspace R(K) ⊂ H. In fact, by assumption, R(K) is closed, by Lemma 1.6, there exists pseudo-inverse
Main results of c-k-g-frames
At first, we give the following equivalent characterization of c-K-g-frames.
Theorem 3.1. Let K ∈ B(H). Then the following statements are equivalent.
(1) {Λ ω } ω∈Ω is a c-k-g-frame for H with respect to {H ω } ω∈Ω (2) {Λ ω } ω∈Ω is a c-g-Bessel family for H with respect to {H ω } ω∈Ω and there exist a c-g-Bessel s family {Γ ω } ω∈Ω for H with respect to {H ω } ω∈Ω such that
Proof.
(1) ⇒ (2) There are constants A, B > 0 such that
by Theorem 1 in [6] , there exists a bounded operator Γ ∈ B H, (⊕ ω∈Ω H ω , µ) L 2 such that K = T Λ Γ. Now for each ω ∈ Ω and h ∈ H, define
we have
So {Γ ω } ω∈Ω is a c-g-Bessel family. Also we have
(2) ⇒ (1) It is enough to show that {Λ ω } ω∈Ω has the lower frame condition.
Where B is the Bessel constant of {Γ ω } ω∈Ω .
Note that {Λ ω } ω∈Ω and {Γ ω } ω∈Ω are not interchangeable in general. However, if we strengthen the condition, there exists another type of dual such that {Λ ω } ω∈Ω and a family {Θ ω } ω∈Ω introduced by {Γ ω } ω∈Ω are interchangeable in the subspace R(K) of H. 
By assumption, {Λ ω } ω∈Ω is a c-g-frame, so by Theorem 2.4 in [1] , we have
where S is the c-g-frame operator for {Λ ω } ω∈Ω and {Λ ω S −1 } ω∈Ω is canonical dual c-g-frame of {Λ ω } ω∈Ω . For any f ∈ H, we have K * f ∈ H. Then, it follows that
Therefore {Λ ω K * } ω∈Ω is a c-g-Bessel family for H with respect to {H ω } ω∈Ω . By (3.2), we have
Theorem 3.4. If T, K ∈ B(H) and {Λ ω } ω∈Ω is a c-K-g-frame for H with respect to {H ω } ω∈Ω , then {Λ ω T * } ω∈Ω is a c-TK-g-frame for H with respect to {H ω } ω∈Ω .
Proof. Since {Λ ω } ω∈Ω is a c-K-g-frame for H, by Definition 2.1, we have
Also,
Therefore {Λ ω T * } ω∈Ω is a c-TK-g-frame for H with respect to {H ω } ω∈Ω . 
Perturbation of c-K-g-frames
Perturbation of discrete frames and frames associated with measurable spaces (c-frame) have been discussed in [4] and [9] , respectively, and perturbations of g-frames, c-g-frames and their dual have been discussed in [11] , [18] and [1] . Stability and perturbation of K-g-frames have been investigated in [3] , [20] and [10] . In this section we introduce perturbation of c-K-g-frames. The proof of the next Theorem is based on the following Lemma, which is proved in [4] . 
Then T is bounded and invertible. Moreover
for all h ∈ H. So for each f ∈ H,
by Lemma 4.1, GS −1 and consequently G is invertible and
then by Lemma 2.3, {Γ ω } ω∈Ω is a c-K-g-frame for H with respect to {H ω } ω∈Ω .
